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SUMMARY

Theisentropic zonal average formalism is extended to include arigorous treatment of the bottom boundary of
the atmosphere. We define a* surface zone”, where isentropes in the latitudinal plane are interrupted by the Earth’s
surface. The zonal average equations of motion and their time average in isentropic coordinates are re-derived in
the presence of the surface zone. Applying the extended formalism to a baroclinic wave model, we show that
near-surface equatorward mean flow is driven by eastward surface form drag in isentropic coordinates, which in
turn is related to poleward geostrophic potential temperature flux at the surface. A potential vorticity - potential
temperature picture of extratropical general circulation dynamics above and within the surface zone is presented.
We highlight the importance of poleward mean flow in the upper region of the surface zone and investigate the
antisymmetric distribution of mean meridional mass flow about the median potential temperature of surface air.

KEYWORDS: angular momentum form drag genera circulation heat flux potentia vorticity
surface zone

1. INTRODUCTION

Understanding the general circulation of the Earth’s atmosphere is amajor concern
in Meteorology. The classical concept of tropospheric genera circulation is that it
comprisestropical Hadley cellsand mid-latitude Ferrel cells. This pictureis obtained by
performing an Eulerian zona average in height or pressure coordinates (Holton 1992).
The Hadley cell is a direct circulation driven by diabatic heating and constrained by
angular momentum conservation (Held and Hou 1980). The Ferrel cell is an indirect
circulation driven by eddy transports of momentum and heat. However, the classical
concept is not the only way to understand the general circulation. Andrewsand Mcintyre
(1976) formulated the Transformed Eulerian Mean (TEM) formalism, where eddy
contributions are removed from the mean circulation by a suitable transformation.
Dunkerton (1978) showed that a direct “residual circulation” in the mid-latitudes is
obtained in place of the Ferrel cell when the TEM formalism is applied.

Under guasi-geostrophic (QG) assumptions, the TEM formalism sheds much light
on the problem of genera circulation. For example, the residual circulation is driven
by eddy transport of QG pseudo-potential vorticity (e.g. Andrews et al. 1987). But
for primitive-equation (PE) atmospheres (i.e. assuming only hydrostatic balance in
the vertical), it is more insightful from a dynamical point of view to use potential
temperature 6 as the vertical coordinate because under adiabatic inviscid conditions,
air flows along isentropic surfaces while conserving Ertel potential vorticity (PV). In
isentropic zonal average formalism, the mid-latitude circulation is aso direct and is
driven by eddy transport of PV (Tung 1986). The analogy between general circulation
in #-coordinate PE atmospheres and that in QG atmospheresis evident and useful.

Isentropic analysis of atmospheric circulation has been carried out for many
decades now (e.g. Namias 1940). We shall not attempt to summarize all the relevant
background literature here, but refer the reader to Section 6.2.1 of Johnson (1989) for a
review. We merely note that the general circulation in §-coordinates has been studied be-
fore by variousinvestigators (e.g. Dutton 1976, Gallimore and Johnson 1981, Townsend
and Johnson 1985, Johnson 1989) in relation to mass, energy, entropy and momentum
transport, using both numerical models and data anal yses.
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Figure 1. The Overworld, Middleworld and Underworld from Hoskins (1991). Isentropes are shown as thick
and thin solid lines, while the dynamic tropopause (i.e. PV=2pvu contour) is indicated by a dashed line. Arrows
represent the isentropic zonal average circulation in the extratropical troposphere after removing the Hadley cell.

The extratropical circulation must be distinguished from the tropical circulation
despite both being thermally direct in the isentropic zona averageformalism: the former
is primarily forced by baroclinic eddies that prevent the extratropical troposphere from
attaining radiative-convective equilibrium; the latter is mainly forced by latent heat re-
lease in the Inter-Tropical Convergence Zone (ITCZ) near the equator and net radiative
cooling in the subtropical troposphere. Such fundamentaly different dynamics is re-
flected in data analyses showing that the extratropical circulation is largely geostrophic
while the tropical circulation is largely ageostrophic (cf. Fig. 8 and 9 of Johnson 1989).

Shaw (1930) was perhaps the first to propose separating the atmosphere into
regions (one in each hemisphere) where isentropes intersect the Earth’s surface and
the region above where isentropes form closed spheroidal surfaces. With the revival
of interest in PV dynamics in the last two decades, Hoskins (1991) proposed that
a PV-0 view be adopted in understanding the genera circulation. He divided the
atmosphere into three regions (unlike Shaw): (1) the Overworld in the stratosphere
(where 6 2 380 K); (2) the Middleworld straddling the tropopause (where 300 K < 6 <
380 K); and (3) the Underworld in the extratropical troposphere (where 6 < 300 K).
(See Fig. 1.) The tropical troposphere is excluded from the Underworld because of
weak horizontal temperature gradients. This paper is concerned with the extratropical
circulation, particularly that near the surface. Therefore, our focusis on the Underworld.

Held and Schneider (1999) argued that the equatorward branch of the circulation
near the surface provides an important link to understanding extratropical genera
circulation. The argument was made as follows: the equator-pole temperature gradient
at the surface determines the eddy heat flux near the surface through an eddy-diffusion
mechanism (Held 1999). Then, the poleward eddy heat flux forces an equatorward mean
flow near the surface in the temperate zone. The horizontal convergence of the near-
surface mean flow acts like a mass source in subtropical latitudes for quasi-isentropic
ascent within the extratropical troposphere. Eventually, radiative cooling causes air to
descend back towards the surface. In an equilibrated climate, the equatorward mean flow
near the surface must balancethe PV-flux-driven poleward mean flow in the extratropical
atmosphere. (That poleward mean flow is strongest at the tropopause level where mean
PV gradients along isentropes are concentrated.) In other words, there is a balance
between poleward surface heat flux and equatorward eddy PV flux in the atmosphere.

The above view of the extratropical general circulation demands a proper under-
standing of near-surface dynamics. In Section 2, it is noted that the existing isentropic
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zona average formalism introduces fictitious forces into the horizontal momentum
equations at the surface. This is not satisfactory for our purpose of relating the mean
meridional flow to surface heat flux and interior PV flux. Hence, we extend the existing
formalism to include the surface boundary in away that respects the surface dynamics
without inventing “underground” meteorological quantities. We test the extended for-
malism by applying it to a baroclinic wave model described in Section 3. We examine
angular momentum balance and surface heat transport in the mid-latitudes of this model
atmosphere in Section 4. The objective is to elucidate synoptic-scale and longer-time
dynamics that drive the near-surface circulation in 6-coordinates. Then, motivated by a
kinematic argument put forth in Held and Schneider (1999), we use the time-average
formalism to investigate the climatological structure of the near-surface circulation. The
main findings of this paper are summarized in our conclusionsin Section 5.

2. |ISENTROPIC ZONAL AVERAGE FORMALISM

Zonal average equations in #-coordinates can be found in e.g. Andrews et al.
(1987). The derivation of these equations often assumes that isentropes are closed
surfaces, whichistruein the Overworld and Middleworld. However, in the Underworld,
isentropic surfaces are interrupted by the Earth’s surface. A few authors (e.g. Andrews
1983, Johnson 1989, Held and Schneider 1999) have devised ways to deal with this,
based on the convention in Lorenz (1955) where isentropes upon meeting the surface
are assumed to continue just below the surface. Thus, pressure and horizontal velocities
are set to surface values and mass density is put to zero on the “ underground” isentropes.

Andrews (1983) noted that while following the Lorenz convention, the horizontal
momentum equations are not satisfied on “underground” isentropes, or equivalently,
fictitious underground body forcesareintroduced. The same may be said of the approach
in Johnson (1989) where non-dip surface boundary conditions were assumed, or in
Held and Schneider (1999) where only underground geostrophic windswere considered.
However, as these authors were considering mass-weighted averages and mass density
is zero underground, underground momentum contributions and the fictitious forces are
absent in the zonal average equations.

All approaches to deal with isentropes intersecting the surface are mathematical
constructs. Their usefulness depends on to what use they are put. In this paper, we want
to relate angular momentum transport to PV fluxes. It will become clear in subsection
(c) that a non-weighted zonal mean angular momentum equation suits our purpose.
Therefore, we must devise an aternative treatment of isentropesintersecting the surface
that does not introduce fictitious forces into the horizontal momentum equations.

(@) Basic Definitions

In #-coordinates, the bottom surface of the atmosphere & = 0, (A, ¢, t) undulatesin
the horizontal, and the undulations vary with time. In a vertical-zonal plane, isentropes
are sometimes “below” the Earth’s surface (see Fig. 2). Oneway to avoid the mentioned
fictitious “underground” forces in the momentum equations is to abandon the Lorenz
convention and treat only isentropic layers that exist physically in the atmosphere.

L et us denote the minimum and maximum potential temperature of air at the Earth’'s
surface at latitude ¢ and time ¢ by 0, (@, t) and Oax (@, t) respectively. So, one may
define a* surface zone” where 0,1, < 0 < @max. The top of the surface zone 8, Mmay
vary greatly in geopotential height, but such variation isimplicit in isentropic averaging.
Within the surface zone, isentropic layers are digointed tubes in the zonal direction, i.e.
the segmentswhere § < 6, do not exist at al.
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Figure2. The undulating bottom surface of the atmosphere shown in the (), 9)-plane. Intersections between the
isentrope ¢ and the Earth's surface are labelled {); : j =1,2, ..., 2n}.

0=0,

Held and Schneider (1999) defined practically the same notion of the surface zone
but called it the “ surface layer”. We avoid their terminology, lest it be confused with the
same terminology used in boundary-layer meteorology that refers to the atmospheric
layer next to the surface where turbulent momentum fluxes are constant (e.g. Holton
1992). The surface zone and the turbulent boundary layer are independent concepts.

Let us define anormalized zonal sum A° for some quantity A (X, ¢, 6, t) as

2w
Z/ Ad>\—— AH{O—60,(N)} dr (1)
=y /\const ‘9 (()‘D”St-

where{);:j=1,2,...,2n} aredefinedin Fig. 2, and A isthe Heaviside step function,
defined here as O for z < 0 and 1 for = > 0. The above definition excludes all points
wheref < 6,. Sothefraction of latitude circle on an isentropic surfacein the atmosphere
is

w=1°

Above the surface zone, @ = 1, while within the surface zone, 0 < @w < 1. Note the
following definitions for zonal averages and deviations for regionswhere w # 0:

A=72°1° )
A =(0A) /7° ©)
A’ A—A (4)
At=A-A" (%)

where o = —g~10p/ 00 isthe mass density in §-coordinates. With these definitions, the
familiar identities are il valid: AB= AB + A’B' and AB = A'B" + AIBT .

(Notation: overbars with or without superscripts always indicate zonal averages,
primes and daggers denote deviations from non-weighted and mass-weighted averages
respectively, while tildes ™ distinguish specially defined zonal averages.)

In using #-coordinates, the presence of neutraly stable or mixed layers poses a
minor complication. A mixed layer is represented by a 2D surface in #-coordinates and
the isentropic density o on that surface is infinite. In this case, the above definition for

A% issiill vali d, provided alocal coordinate transform is performed for the contribution
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to theintegral at the longitude A,,,;; Where the isentrope encounters the mixed layer:

Amiacte pe(op\T' 1 [re A 00\
Ad)\:/ A (—> dpz—/ —<—> dp (6)
//\miz—e p— oA 9 g Jp. ©O oA »
f=const. f—=const. A=Amin

where e isan arbitrarily small positive number and and the mixed layer extendsfrom p _
to p in p-coordinates ((00/0\), > 0 < p; > p_). Note that A/o can be either zero
(e.g. A =u) or finite (e.g. A = o) in the mixed layer. Thus, for instance, mixed layer
contributions are excluded from «, but included in v*.

(b) Surface Zone Equation

As the atmosphere’s bottom surface is not rigid in #-coordinates, the surface zone
moves around in (¢, #)-space with time, or in other words w varies with time.

Supposein avertical-zonal plane, an isentropic tube of air in the surface zone meets
the surface at 2n points with longitudes A (¢, 6, t). Without loss of generality, we may
assume that the atmosphere exists east of odd-; points and west of even-;j points (Fig.
2). From the definition of diabatic heating of surface air and elementary manipulations
of the partial derivatives of surface air potential temperature, one may prove that

ug(Nj) _ 0N | wa(Nj) 22
acosp Ot a 00

O\,
a—@” + Qa(Aj) ()
where a is Earth’s radius, (u,, v,) is the horizontal wind at the surface and @, is the
surface diabatic heating rate expressed as the rate of increase in potential temperature
following a surface air parcel. The subscripts ¢ denote values at the bottom of the
atmosphere. For notational simplicity, we shall henceforth write A; to mean A,();).
Thus,

ow -1 j=2

Ow -1 vi oA uy
ot 2 4
=1

O\
[Q] 00 + a dp acosp|; o ®
We may loosely call the above equation the “surface zone equation”. It is effectively a
lower boundary condition for the zonal average atmosphere in #-coordinates.

If one randomly selects a point on the Earth’'s surface at latitude ¢ and time ¢, the
probability of finding an air parcel with potential temperature between 6 and 6 + 66 is
w(0) 66 = (2m)~! Z?il |0A;| = dw, where §; is the change in \; corresponding to
the change 66. (Note that from Fig. 2, for positive 66, 6 is negative for odd j and
positive for even j as static stability is non-negative.) Hence, the probability density is

2n
1 0w _|ob,
0= 5> W =5 r=|5

j=1

(9)

Thus, w(0) is the probability distribution of surface air potential temperature: it is the
probability that a surface air parcel is potentially cooler than 6 at latitude ¢ and time ¢.
The expectation for a property A(\, ¢, t) associated with a surface air parcel that has
potential temperature 6 at latitude ¢ and timet is

2n
E(A) = Zj:1 (A/T')A:)\j (10)

Z?L (1/7)5=n,

J
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Using Eg. (9) and (10) , Eq. (8) becomes
Ow v, 00, u, 00,
E__M(Q){E(Qa)+E(_Ea<p acosgo@k)}

So the cooling of surface air at potential temperature 6 (due to either diabatic processes
or advection) determines how much more surface air will be potentially cooler than 0,
and hencethe increase in the probability «w of finding a surface air parcel with potential
temperature less than . Thisis the physical basis for the surface zone eguation (8).

For later reference, let us define an operator D and rewrite equation (8) as
D=0/0t +a '5°0/0p + Q" 0/00

ot et
~ -1 ON; | V0N U
Dw = ! - 11
“Tor Z [Q] 90 ' a dp acosap] (1D
=1 7j=2i—1
(c) Angular Momentum Equation
Schér (1993) writes the zonal momentum eguation in f-coordinates as

8u -1 OB
— Gov + Q TN (12)

~acos g O\

where (y is the absol ute vorticity normal to an isentropic surface and F'y is the
zonal turbulent drag. B = M + (u? + v?)/2 isthe Bernoulli function in §-coordinates.
M =011 (p) + ® is Montgomery potential, where ® is geopotentia and II (p) =
¢p(p/1000 mb)* is Exner’s function (x = R/c,). Haynes and Mclntyre (1987, 1990)
put forth the concept of a“potential vorticity substance” whose mixing ratio is PV, and
whose transport is always along isentropes. The flux of PV substance comprises an ad-
vective component ¢y v and a non-advectivecomponentk x (F — @ dv/06) dueto drag
F and diabatic heating (). Thus, Schar’s equation is a statement that zonal acceleration
is caused by meridional transport of PV substance and a Bernoulli force.

Let usintroduce L = Qa cos? ¢ + u cos ¢, where La is the absolute angular mo-
mentum per unit mass about the Earth’s rotation axis. Taking the normalized zonal sum
of cos px EQ. (12), one obtains after some algebraic manipulations,

—S —9 —S S
L v* 0L~ 0L — =
OL [V OL | g9k _ (amgfs—czf% +FAS> wsp+G (13)

ot a Op 00

where ¢ = (p/o isPV and G represents surface boundary terms. Mixed-layer contribu-
tionsarefoundino*, Q" avaTS and QTau/aos. FromIZ° = wL and Eq. (11),

0 7 0 — 0 7
<a+%%+Q%>La:J+GA+GB (14)
_ ou  —
J= | ovlelr — QT% + F\ ) acosp (15)
. ; j=2i
1 u; V: ON; O\,
Gu= . ( i 5% Q;—]> uja cos w] (16)
T acosp a dyp o0 :
i=1 L ]ZQZ 1
_ =2i
-1 < w? + o)’
=y M)+ j > J 7
=1 L j=2i—1
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J isthe PV flux along isentropes due to eddy transport, eddy diabatic heating and mean
turbulent drag. G 4 is the eddy advection of eddy angular momentum at the surface
(Appendix A). G is an eddy Bernoulli term, dominated by the mean pressure torque
G jr or equivalently the anal ogous surface form drag in #-coordinates (Appendix B):

~ iz _ M

[ ]j:gifl - O\ (18)

J

As w approaches zero, i.e. as the zonal extent of an isentropic tube in the atmosphere
shrinks to zero, G 4, Gg and G, remain finite because M, u, v and ) are smooth
functions and tend to their mean values and so their deviations tend to zero.

Thethreeeffectsrepresented by J, G' g and G 4 alter themean absoluteangular
momentum and force a circulation normal to the contoursof L. J iswell-known in
the literature, although it may be written in variousforms, e.g. Eq. (4.6) of Tung (1986)
and Eq. (3.9.9) of Andrewset al. (1987). G 4 and G g are of course non-zero only in the
surface zone, and we are not aware of previous literature that explicitly identifies them.
The simple form and physical interpretation of G 4 and G g are consequences of using
our definition of zonal averagesin the surface zone.

(d) Other Equations

For completeness, we briefly present the other zonal average equations describing

the general circulation in #-coordinates that were derived in Koh (2001):
0 _g 1 0 _g
EU a cos @ %U

¥ cos o + %_S@* =0 (29

8 U _ 18 1—k _ (9 —x% =
%(f+gtan<p>u+a% (/{4— — >H(p)—%<F¢ —DU>+A (20

Equation (19) demonstrates mass continuity, where 3° is proportional to the mass
of air in the isentropic tube 6 at latitude . The derivation is straightforward: take the
normalized zonal sum of the continuity equation in §-coordinates and use Eq. (7).

In Eq. (20), terms involved in gradient wind balance are grouped together on the
LHS. The nonlinearity of Exner’s function makes a difference to the pressure term in
the surface zone. A on the RHS denotes a plethora of surface boundary terms, second-
and third-order eddy covariances (between v, v, Qf, o/ and M'/0y) representing
meridional momentum transport, and second- and higher-order eddy covariances of p’
that arise from the nonlinearity of Exner’s function. Apart from the lower region of
the surface zone where meridional turbulent drag F; and surface boundary effects are
strong, gradient wind balance is generally a good approximation (i.e. RHS = 0).

(e) Time-Average Formulation

Suppose one takes the time average of zonally averaged data to study the atmos-
phere's climatology. Starr and White (1951) showed that transient axisymmetric con-
tributions are not important to the atmosphere’s angular momentum budget in pressure
coordinates. In fact, one can understand the climatological general circulation asthough
it were a steady-state solution of the zonal average equations (e.g. Andrews et al. 1987,
Holton 1992). But as we are examining the general circulation in #-coordinates, where
the surface boundary is replaced by a surface zone, care was taken to derive a time-
average formulation for the isentropic zonal average equations.
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To keep this paper concise, we refer the interested reader to Koh (2001) for
the time-average isentropic zonal average equations, providing only an outline here.
The climatological surface zone spans the range of potential temperature fluctuations
of surface air for all longitudes at latitude ¢ over the time interval [t.,t3] under
consideration. We define the normalized temporal sum as:

1 & [l
AYS (N, 0, 0) = / AN @, 0,t) dt 21
(>(¢)tﬂ_ta;t2“(so) (21)
const. 0

where [to;_1,t25] C [ta, tg] IS the jth time interval for which 6, (A, p,t) <6 (or
w(y, 0,t) > 0if Aisindependent of \). Thetempora mean (A) and the mass-weighted
temporal mean (A)* can be defined using the normalized temporal sum (with A suitably
weighted with 1° and 7 respectively if A isindependent of \). Anomalies A’ and AT
are now defined respectively with respect to the temporal zonal mean ( A) and the mass-
weighted temporal zonal mean (A" )* which replace A and A™. The probability distribu-
tion of surfaceair potential temperatureis (ww)“. Thedefinitionsfor E, G4, G and G,
arelikein Eqg. (10), (16), (17)and (18) respectively but for additionally taking temporal
sums in the numerator and denominator. The time-average zonal average equations for
an equilibrated atmosphere was proven to be exactly analogous to the zonal average
equations with time tendencies put to zero.

3. BAROCLINIC WAVE MODEL

To see how the extended isentropic formalism performs as a diagnostic tool, we
employ the stylized model of mid-latitude baroclinic wave dynamics of Thorncroft et al.
(1993). Thecirculation in a baroclinic-wave life-cycle can be viewed as the circulation
of a cyclone-anticyclone pair within a baroclinic wave packet in the atmosphere (Lee
and Held 1993). Thus, the nonlinear baroclinic-wave life-cycle is able to exemplify the
basic character of synoptic disturbancesin the mid-latitude troposphere.

Breaking with the practice of using adiabatic, frictionlesslife-cycles (e.g. SSimmons
and Hoskins 1978), we investigated a model that has simple parameterizations for
surface fluxes of heat and momentum, boundary-layer turbulence, dry convection and
radiative heating. However, no explicit representation of water vapor and its effects have
been incorporated, as a proper account for these effects deserves a separate more in-
depth study. For the sake of simplicity, the model also does not contain any topography
or land-sea contrast, even though these factors influence the circulation in the mid-
latitudes (e.g. Davis 1997, Hoskins and Val des 1990).

The numerical model is global in extent and employs T63 pseudo-spectral repre-
sentation of o,-coordinate primitive equations (Bourke 1974, Hoskins and Simmons
1975), where o, isthe ratio of pressureto surface pressure. There are 17 vertical levels,
3 of which lies in the planetary boundary layer (PBL) that extends from the surface to
op = 0.866. Appendix C gives further details of the model numerics and physics.

(a) Basic State and Initial Perturbation

The baroclinic-wave life-cycle is essentially an initial-value problem where the
initial basic state (Fig. 3(a)) of the model atmosphere is baroclinically unstable. The
basic state has a PBL that is virtualy statically neutral in the extratropics. Above the
PBL, itisidentical to that usedin Thorncroft et al.’s baroclinic-wavelife-cycle LC1. The
tropopause has a redlistic slope in the mid-latitudes, but the tropospheric stratification
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Figure 3. (a) Initial basic state of the baroclinic wave model, showing the distribution of potential temperature

(dashed contours at intervals of 5K) and zonal wind (solid contours at intervals of 5m/s). Thick solid lines denote

the 300K - and 380K -isentropes. The dash-dot line indicates the 20m/s-contour for zonal wind. (b) Growth of the

specific eddy kinetic energy (EKE) in the tropopause region (o, = 0.197) and just above the surface (o, = 0.985)
in the baroclinic-wave life-cycle.

increases unrealistically with altitude. The jet position and strength is not inconsistent
with what is seen in the Pacific storm track east of Japan during winter. The basic state
observes gradient wind balance and hydrostatic balance.

To obtain abaroclinic wave life-cycle akin to Thorncroft et al.’slife-cycle LC1, we
used an analytic zonal wavenumber-six perturbation in theinitial surface pressure p s:

In (pso/pres) = 102 (Y7 +0.7Y) (22)

where p.; is the reference global mean surface pressure and Y, is the spherical
harmonic of total wavenumber n and zona wavenumber m, normalized such that its
global mean square value is 2. psp Was chosen so that its initial projection into the
most unstable mode is large enough for the most unstable mode to grow and dominate
al other modes before the model exitsthe linear regime. For the next 15 days, the model
practically behavesasif it wereinitialized with the most unstable normal mode.

(b) Baraoclinic-wave Life-cycle

Figure 3(b) shows the baroclinic-wave life-cycle going through stages of exponen-
tial growth (Day 0to Day 9), nonlinear saturation (Day 9 to Day 11) and nonlinear decay
(Day 11 to Day 14). The synoptic development of baroclinic waves may be described
most simply as the interaction of two wave-trains of PV anomalies: one at the surface
and the other at the tropopause level (Hoskins et al. 1985). The growth and decay of the
wave leads to (incomplete) stabilization of the mean flow with respect to baroclinic in-
stahility. Such a description suffices for our purpose. More involved analyses e.g. based
on Eliassen-Palm fluxes and ray-tracing techniques can be found in Thorncroft et al.
(1993), and based on wave activity can be found in Magnusdottir and Haynes (1996).

For presentation purpose, we shall focus on the baroclinic wave at Day 10 (not
shown), just before the wave saturates. Cyclones and anticyclones, and warm and
cold fronts are well-developed by this time. The breaking of high-PV filaments and
intensification of the jet stream at the tropopause are also underway.
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(c) Long-timelntegration

While baroclinic-wave life-cycles are useful paradigms for studying mid-latitude
eddies over synoptic scales, as solutions to initial-value problems they do not represent
an equilibrated atmospheric state even when averaged over their life spans. Therefore,
a 300 day-integration of the baroclinic wave model was carried out to investigate mid-
latitude circulation in an equilibrated atmosphere. Theinitial basic atmospheric profile,
numerical and physical parameters used for this experiment are identical to those used
for the baroclinic-wave life-cycle. Theinitial condition in this case takes the form

In (pso/pres) = Co — 0.03 sin” 2¢p exp{—9 (A — m)? [4n?}

where the constant C'y is chosen to keep the hemispheric average of In (p 0 /pys) at zero
or the global mean surface pressure at p,..;. The zonally Gaussian disturbance evolves
into awave packet that eventually occupiesthe entire latitude circle.

4. RESULTSAND DISCUSSIONS

(@) Momentum Balance
Equation (14) may be rewritten showing only dominant terms.

D (@ cos ) = f* cos p + ovfét cosp+a *Gar + - - - (23)

The terms are from left to right: relative torque (i.e. rate of change of mean relative an-
gular momentum), Coriolisforce, eddy PV flux and surface form drag in 6-coordinates.

In the region above the surface zone, surface form drag is absent by definition.
Figure 4 shows that mean zonal wind « in this region is decelerated by negative drag
due to equatorward eddy PV flux, and accelerated or decelerated by the Coriolis force
fU* cos ¢ depending on the sign of mean meridiona flow 7*. The atmosphere is not
in steady state over synoptic time-scales, and so balance between eddy PV flux and
Coriolis force cannot be assumed on such time-scales.

Within the surface zone, Fig. 4 shows that relative torque is negligible and eddy
PV flux isweak. Thus, one may understand the near-surface equatorward mean flow as
dynamically driven by the balance between eastward surface form drag and westward
Corialis force. The fact that surface form drag in #-coordinates is eastward may be
explained by Fig. 5. Equatorward advection of potentially cold air depressesthe Earth’'s
surface in 6-coordinates, creating a “valley” in the surface zone. Geostrophic balance
means that the western “valley wall” is at a higher pressure than the eastern “valley
wall” at the same 6-level. Since M = 011 (p) + P, an eastward surface form drag results
in the absence of surface topography. The effect of topography will be discussed later.

The preceeding explanation is not the only way to understand the isentropic zonal
average circulation in the extratropics. Gallimore and Johnson (1981) considered the
mass-weighted zonal mean angular momentum L " (as opposed to the non-weighted
zona mean L above) and showed that

O 0 0\ — oM”* 1
o, v9 I N\T'a=F = vO.E 24
<3t+a8<p+Q ae) a=Fyacosp =5 — 5V (24)

E= (auTvTSa cos? @, UUTQTSa cos ) (25)
where E is the eddy angular momentum flux in #-coordinates and the divergence
operator V(). acting on avector U = (U,, U,) ingeneralized n-coordinates on asphere
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Figure 4. The dominant terms at Day 10: (a) eddy PV flux ovf ¢t cos ¢, (b) surface form drag in 6-coordinates

Gz /a, () Coriolisforce fu* cos ¢ and (d) relative torque D (i cos ). The contour interval is 0.02Qa/day in
therange -0.1Qa/day to 0.1Qa/day. The surface zone is demarcated by dashed lines.
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Figure 5. (@) A surface cyclone-anticyclone pair in the northern mid-latitudes, where geostrophic winds are
indicated by arrows and surface isentropes are represented by dashed contours; (b) Earth’s surface in a vertical
cross-section at constant latitude (denoted by the dash-dot linein (&) in #-coordinates.
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isgiven by V(" . U = (a cos ¢) ~10U,/dyp + 0U,/dn. Appendix D shows that mass-
weighted zonal mean pressure force, —(a cos ) 'OM /8>\*, is synonymous to form
drag or net pressure stress exerted on an isentropic tube by the surrounding atmosphere
(Fp) and by the Earth’s surface (F's). F's can be non-zero only in the surface zone.

The dominant terms in Eqg. (24) on synoptic time-scales in the extratropics are
relative torque, Coriolis force (planetary angular momentum advection) and form drag:

D (u” cos @) = fv" cos p + (Fp + Fg) cos p + - - - (26)

In this framework, the acceleration of the mean flow is the result of Coriolis force
and form drag. Within the surface zone, the acceleration is negligible and so Coriolis
force balances pressure stresses exerted by both the surrounding atmosphere and by the
Earth’s surface. (In our model, thereis no surface topography and so the surface pressure
stress has zero horizontal component, i.e. Fg =0.)

Comparing Eq. (23) and (26), we deduce that

ovtét + (a cos ) 'Gy =~ Fp + Fg (27)

Thistype of relation between PV flux and form drag is not new. For isentropic surfaces
uninterrupted by the Earth’'s surface, Tung (1986) showed that

g 0 =g
tet = O Fip— 5 (0"
e oo {v Fyp 8t(0u)cos<,0 (28)
e - —
Fip= {_(av)'u’ cos” g, —(0Q)"v’ cos p + lpg—i\} )
a

The divergence of the second term in the vertical component of Eliassen-Palm flux F g?}),
is the dominant term on the RHS of Eq.(28) and it is the form drag Fp exerted on the
isentropic layer by the surrounding atmosphere. Within the surface zone, Eq. (27) shows
that additional form drag from the Earth’'s surface F's and the different but analogous
surface form drag in #-coordinates (a cos ¢) ~ !G5, contribute to the balance as well.

(b) SurfaceHeat Flux
In this subsection, we address the question of the relation between mass flow and
heat flux near the Earth’s surface. In QG TEM formalism (Andrews et al. 1987),

ouP _ —
v fov" =py'V-Fgp +F\'

where Cartesian geometry is assumed. f is the Coriolis parameter, 7" is the residual
meridional velocity, Fpp = (—pov'u’ , po fov'0" /) is the Eliassen-Palm (EP) flux.
(-)p denotes zonal mean aong isobars and here aprime ’ is used again but to denote de-
viation from such anisobaric zonal mean. z islog-pressure height, p and 6y, are density
and basic stratification in z-coordinates. The distribution of EP flux for the atmosphere
shows that F gp practically points upward at the bottom of the atmosphere (Edmon et
al. 1980). On the other hand, the streamlines of the residua circulation are clustered
together in an infinitesimally thin surface boundary layer (Holton 1992), representing
strong equatorward flow just above the surface. Hence, integrating vertically over the
boundary layer of thicknesse, only the dominant terms are | eft:

/0 ot dz = —(%OW” (30)
¥
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The above result shows, under QG scaling, poleward heat flux down the equator-pole
temperature gradient on the surface forces a mean equatorward flow near the surface.

Held and Schneider (1999) have an similar explanation for the surface-zone equa-
torward flow in #-coordinates, paraphrased below: let Am stand for the mass of averti-
cal column in the surface zone. Assume that geostrophic meridional wind v , is uniform
in the column, and isentropic density o is constant in the surface zone. Thus,

vg Am =040 (Omax — 0a)

= vy Am = —ovgby, (31

where the horizontal average is taken along § = 0m,x and so v, = 0 by definition. ¢, is
the deviation in surface air potential temperature from its zonal mean. Comparing Eq.
(30) and (31), Held and Schneider’s explanation is basically the same as the explanation
provided by QG TEM formalism if we assert QG balance and equate o to p /6. .

Examining the premises of the above explanation in #-coordinates, vertical varia
tionsin v, may perhaps be neglected in some parts of the surface zone due to vertical
turbulent transport. But our model results show that the variations of ¢ in the surface
zone, especialy in the horizontal direction, is not negligible. So we need another expla
nation in #-coordinatesthat is valid generally for PE atmospheres.

The clueto relating surface heat flux to near-surface mass flow for PE atmospheres
lies in the dynamical cause of the equatorward flow in the surface zone. In subsection
(a), we explained that the flow is equatorward because of eastward surface form drag
G which arises from equatorward migration of cold air and poleward migration of
warm air at the bottom of the atmosphere. We shall next quantify this relation between
surface form drag and surface heat flux.

Multiply Eqg. (18) by w, integrate with respect to # in the surface zone, convert to a
zonal integral (cf. Fig. 6), integrate by parts, and note the relation in Appendix E,

0 2w 27
~1 90, 1 oM, 1 ——a
df=— M,——d\= — 0, Al = — 0,
/gm wCm b =52, ox" " ar), "ox g/ @ cos ¢ v
aong the surface aong the surface
(32)
1
v=1+ -2 02 (33)

f—vgacosgoa

where M, = M (6,) is the surface value of M, v, = (fa cos ¢) ' (OM/dN), is the

geostrophic meridional wind, z, is the surface terrain height, and (-)* denotes zonal
mean along the bottom surface of the atmosphere. « is a factor that depends on the
steepness of the terrain: « ~ 1 when the terrain gradient is much less than the ratio of
Coriolis acceleration to gravitational acceleration (fvg/g ~ 10~* in mid-latitudes). As
the model does not have any topography, . = 1 and eastward surface form drag G »; in
the surface zonein Fig. 4 is associated with poleward geostrophic potential temperature
flux at the surface. Topography, even if present, enhances the eastward surface form
drag, because anticyclones are generally associated with elevated terrain so that « > 1
over mountain regions. Note that while QG scaling is not assumed, only the geostrophic
wind is relevant to G;. Thus, the explanation for eastward surface form drag is good
even if the surface flow deviates significantly from geostrophy.

The factor of half on the RHS of equation (32) requires some explanation. The
geostrophic potentia temperature flux (suitably modified by topography if present) can
be decomposed into mean and eddy components: w_gaaaa and (ng)’oga. These two
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Figure 6. At the bottom surface of the atmosphere, (a) integration with respect to longitude X is equivalent to
(b) integration with respect to potential temperature 6,,, with the integrand becoming a multi-valued function.

components are of comparable magnitudes as shown by the following scaling argument,
where the atmosphere is disturbed from the basic thermodynamic state defined by

po =pa® and By =6,", and p, and p, are the density and pressure of surfaceair:
1 Opa _ 1 0p,  pl 0P,

T pa OX  po OX p2 OA
e PP, 1 0P,

~-PaPa g Pag
pE OX 0% oo OX @

Hence, one may think of the RHS of equation (32) as the average between mean and
eddy transports of surface potential temperature. In the limit of small disturbancesfrom
a zonally uniform basic thermodynamic state, it just reduces to either the eddy or the
mean transport. (cf. Schneider (2004) for an alternative formulation of eguation (32)
that does not have the factor of half above.)

Vertically integrate w/ cos ¢ xEQ. (23) (neglect relative torque) and use Eq. (32),

~ (wg)’%a

I g d Lo [P s
/ U = df = —= frogl, — / ovfét™ do (34)
Omin o 2 Omin

Equation (34) isthe generalization of Eg. (30 ) to PE atmospheres, alowing for vertica
structure within a thick surface zone and taking into account the equatorward eddy PV
flux responsible for the poleward flow that is sometimes present in the upper region of
the surface zone. It is arigorous statement that poleward heat flux at the surface drives
eguatorward mass-weighted mean flow in the surface zone at all times.

Since f /& is approximately the mass-weighted mean PV ¢ *. Eq. (34) says that
the total flux of PV effected by the mean flow and eddies in the surface zone must
approximately cancel the the surface flux of potential temperature (which acts like a
“surface potential vorticity”). Contrast thiswith the region above the surface zonewhere
thetotal PV flux accelerates the mean flow on synoptic time-scales.

Our results highlight that the terrain-modified geostrophic potential temperature
flux vy, on the surface s to be parametrized in terms of the surface mean meridional
potential temperature gradient, as part of Held's explanation for the general circulation.
The parametrization in Held (1999) involved the full eddy heat flux on a near-surface
isobar.

(c) General Circulation Dynamics

The time-average zonal average state of the model atmosphere over the period
t =105 d to 300 d wasanalyzedin asimilar fashion asin subsection (a). Theresults (not
shown) are basically the same, apart from the fact that the relative torque is negligible
because the model has equilibrated. Thus, above the surface zone, there is a balance
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between eddy PV flux and Coriolis force, implying that (7*)* is determined effectively
by eddy PV flux. Within the surface zone, mean pressure torque GG »; forces a strong
equatorward (7*)* in the lower region of the surface zone, while eddy PV flux forces a
weaker poleward (7*)* in the upper region of the surface zone.

Let us try to understand the extratropical general circulation dynamics revealed
above by the following simple scaling argument. Consider the identities

<wlp>=<0><{y >+ <V > (35)
<ovE>=<a><T >*<E >+ <ovfet > (36)

(Recall that angular brackets denote time mean and the asterisk denote mass-weighting.
Primes and daggers refer respectively to deviations from the unweighted and mass-
weighted time mean zonal meansin this context.)

In Eg. (35), as the contribution of planetary rotation to vertical absolute vorticity
is dominant in the extratropics, (s ~ f and < {y >~ f, and as (, excludes the constant
planetary contribution, ¢, < f. Supposev ~ V, the scale for meridional wind. Let v =
vg + vag Where v, and v,, are the geostrophic and ageostrophic vel ocities respectively.
In the extratropics, v,y < v4. Abovethe surfacezone, 7, = 0 sothat < 7 >=< 7,y ><K
V and v’ ~ V. Hence, by Eq. (35), < vy >< fV abovethe surface zone.

In Eq. (36), the LHS is equivalent to the LHS of Eq. (35) and so is < fV above
the surface zone. On the RHS, < ¢ >*~ f <& >! and we may now choose to
define V =< 7* >*, so that the first term is ~ fV. Therefore, our scaling shows that
above the surface zone, mean PV flux must approximately balance eddy PV flux, i.e.
f<v* >*+ < ovfét >=0.

Within the surface zone, < v, > varies from zero at the top to ~ V' at the bottom.
Thus, <7 >~< 7, >= —(fa cos ) Gy Apart from this fact, we may follow the
same scaling as for above the surface zone and thus abtain

f<T >* + < ovtel >x —(acos ) Gy (37)

i.e. mean pressure torque G, must balance total PV flux in the surface zone.

Integrating < @ >° x Eq. (37) from the surface to the top of the atmosphere
(noting that G'3; = 0 above the surface zone),

> — — f 0 1 —Fa

/ (< 70 >9< T >F —L 4 < ovlet >S> df + - f <wgb, >0 (38)

O <o> 2
where < - >% denote time mean at the Earth’s surface. If we view f6, as the area
concentration of “surface PV” (as opposed to “interior PV” concentration o¢) and v 4 /2
as the effective transport velocity of this surface PV, then Eq. (38) says that there is
no net meridional PV transport in an atmospheric column. Above the surface zone,
there is no net transport of PV meridionally along each isentrope. In the surface zone,
interior PV is transported equatorward along isentropes to the surface by both mean
flow and eddies but there is a compensating poleward transport of surface PV. (The
interconversion between interior and surface PV is left as a topic for future research.)
The explanation of the general circulation in terms of PV and surface heat transport is
obtained because of the use of isentropic coordinates here.

Suppose the vertical integral in EQ. (38) reaches only a little above the tropopause,
say 6 = 0,;*;p, and < & > isnearly vertically invariant in the troposphere. As massdensity
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above ;!

wp 1S SMAl, we may take the tropospheric circulation as almost closed. Hence,

0,
/0 < oolel S5 df ~ —%f <0g0," >° (39)
Interior eddy PV flux in a tropospheric column (including that at the tropopause) is
constrained by surface heat flux, and hence by surface potential temperature gradient.

It is instructive to compare the understanding of extratropical general circulation
dynamics based on PV transport with an understanding based on angular momentum
transport and form drag. Johnson (1989) showed that in the extratropics,

0 —x
— <7°TL" cos p >° =<7 (Fp + Fs)a cos ¢ >° (40)

Thus, in the upper branch of the extratropical tropospheric meridional circulation, the
angular momentum gained from the convergence of poleward mean angular momentum
flux is conveyed via pressure stresses on isentropic surfacesinto the lower branch of the
circulation. The angular momentum thus gained by the lower branch of the circulation
makes up for the loss due to divergence of the equatorward mean angular momentum
flux there. Integrated over avertical column of the atmosphere, the form drag term F'p
vanishes, and so the net gain or loss in angular momentum of an atmospheric column
depends mainly on the mountain drag F's at the Earth’s surface in the extratropics. This
account is actually valid regardless of the vertical coordinate system used.

The explanations for extratropical general circulation dynamics in this paper and
in Johnson (1989) represent two equivalent points of view. Johnson’'s view makes
obvious the angular momentum exchange between the atmosphere and the lithosphere
via mountain torques, and emphasi zes the vertical redistribution of angular momentum
by pressure stresses on isentropes. We offer an aternative PV-6 picture: mean and eddy
PV transport along isentropes cancel above the surface zone; within the surface zone,
the net (mean + eddy) isentropic flux of interior PV is cancelled by the surface flux of
potential temperature. Thus, mean meridional flow (closely related to mean PV flux) is
essentially driven by eddy PV flux and surface heat flux. Mass continuity implies that
surface heat flux constrains tropospheric eddy PV flux.

(d) Sructure of the Near-Surface Circulation

Fig. 7(a) shows the distribution of meridional massflow (77°)° in the equilibrated
model atmosphere. It shows an overturning circulation within the surface zone itself.
The median potential temperature of surface air, referred henceforth as the “median
line”, divides the surface zone into an upper region and a lower region. The mass
flow is largely antisymmetric about the median line. The antisymmetry is not perfect,
because there is significant poleward flow at the tropopause level (not shown), implying
a compensating net equatorward flow within the surface zone.

To explain the structure of the circulation within the surface zone, we use the
isentropic zona average formalism to adapt and modify the kinematic explanation of
Held and Schneider (1999) (HS99 in this subsection). Mass flow in the surface zoneis

/]
(70°)° = /9 i (0a) E {(0v),} db, (41)

min

where =0 < w > /99 and E {(ov),} is the expected value of the mass flow (ov),
at isentropic level 6 abovethe point where surface air has potential temperatured,, along
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Figure 7. Meridional mass flow as a function of latitude and potential temperature (a) in the surface zone, and
contributions from (b) the mixed layer and (c) above the mixed layer, i.e respectively the three termsin Eq. (42).
(d) is the meridional mass flow just above the mixed layer when surface air is potentialy cooler than 6, vis-a-vis
the RHS of Eq. (43). Contours are at intervals of 50 kg m~ 'K —1s~! in panels (a) to (d). (€) shows the expected
vaue of meridional mass flow just above the mixed layer when surface air is at potentia temperature 6. The
contour interval is 500 kg m~1K~1s~ 1, (f) shows the probability density, u, of potential temperature of surface
air, with contour interval 0.03/K in the range 0.03/K to 0.18/K. In al panels, the surface zone is demarcated
by the outer thick dashed lines, and the central thick dashed line in the surface zone is the ‘median line’ where
(w)S = 0.5. Shading denotes negative values.

latitude . The upper limit of the integral is 6 becausewhen 6, > 6, the isentropic level
0 does not exist in the atmosphere and so the expected mass flow at that level is zero.

If thereis amixed layer with uniform potential temperature (6, + €) just above the
bottom surface 6,,, where e is positive and arbitrarily small, we may write the mass flow
at isentropic level § asthesum V,,;,6 (0 — 0, — €) + (ov)y H(0 — 0, — €), where Vi,
is the vertically integrated mass flow over the mixed layer, ¢ is Dirac’s delta function
and #H isthe Heaviside step function. In the limit ase — 0,

0
___a\S
(%) =11 (6) E Vi) + [ 1 (60) E{(ov)y} db (42
where E (Vi) is the expected value of mass flux in the mixed layer wherever and
whenever the mixed layer is at potential temperature 6.

Fig. 7(b) and (c) show respectively the first and second terms on the RHS of Eqg.
(42). Mass flow through mixed layers are mainly equatorward and confined to the lower
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Figure 8. (@) Convective adjustment enhances static stahility above the mixed layer. (b) Poleward advection of
warm air enhances isentropic slope and vice versa for equatorward advection of cold air. Lines denote isentropes.

region of the surface zone, because mixed layers occur mostly when low-6 air moves
equatorward over warm surface and becomes convectively unstable from surface heat
transfer. The dominant contribution to (5 )* in the surface zone comes from abovethe
mixed layer (cf. Fig. 7(a) and (c)).

AsE{(ov),} isafunction of ¢, 8 and 8, we shall make the approximation that the
mass flow outside the mixed layer does not vary vertically in the surface zone so that
(ov)y = (0v)ys, where 6 isthe potential temperature just above the mixed layer. This
approximation is acceptable for our purpose, given the proximity of the distributionsin
Fig. 7(c) and (d). Thus,

0
(7v5)° z/ 1 (6a) E{(0v)s} db, (43)
where E{(ov),+} is afunction of ¢ and 6, only (see Fig. 7(€)). Since the probability
distribution 1 (6,) is rather symmetric about the median line in the mid-latitudes (Fig.
7(f)), the antisymmetry in mass flow (7o°)° about the median line must arise from
symmetric contributions in E{(ov),+} according to Eq. (43). A priori, one might
suppose E{(ov) 4+ } to be antisymmetric about the median line based on the notion that
cold air migrates equatorwards and warm air migrates polewardsto accomplish equator-
pole heat transfer. This notion is correct but it requires some refining as we show next.

Fig. 7(e) and (f) show that around the median line where . is significantly non-zero,
the antisymmetry in E{(ov)4+ } is not perfect, i.e.

0, —0,) if,—0,>0
E{(0v)gs } =~ { ggea - Hm; otherwise (44)

where 6, is the median value of ¢,, and o> 8 > 0. Hence, E{(0v),+ } manifests a
strong symmetric component, explaining the strong antisymmetry in massflow (7).
The dependence of E{(ov),+} on cold departures of ¢, from 6, is weak because
static stability (inversely related to o) is enhanced above mixed layers due to convec-
tion in cold-air outbreaks over warm surface (Fig. 8(a)). The different dependence of
E{(0v)ys } on warm and cold departures is also because isentropic slopes (directly re-
lated to o) are reduced in the equatorward advection of cold air and enhanced in the
poleward advection of warm air at the surface (Fig. 8(b)).

Theideasembodied by Eq. (42) and (44) take after those expressed in HS99, except:

1. HS99 used the zonal mean rather than the median for 6,,,;
2. they supposed that o is constant in the surface zone outside the mixed layer;
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3. they postulated that surface-zone meridional velocity is equally sensitive to warm
and cold anomalies, i.e. « = 3 in Eq. (44), given point 2;

4.  they applied point 3 to massflow in mixed layersaswell, i.e. V,ix = (04 — O01)
for al 6,, where vy is a positive constant.

Points 1 and 2 are minor differences that do not affect the essence of the argument
here or in HS99; points 3 and 4 are pivota points where we differ from HS99.
Because of HS99's a priori assumption that o= /3, they deduce that surface-zone
mass flow (77°)° must be symmetric about 6, in the absence of mixed layers. Thus,
the antisymmetric component of (75°)° seen in their 50-year GCM integration was
attributed to contributions from mass flow V,,,;; in mixed layers, which they assumed
to be antisymmetric about 6,,,. Through the diagnostic formalism developed here, our
model results show that HS99's points 3 and 4 are wrong: in fact, a > 8 and Vi,
is practicaly zero for 6, > 6,,. Thus, mixed layers are not required to explain the
strong antisymmetry in the surface-zone mass flow. Our results suggest that mixed-
layer contributions are not important and may be ignored (i.e. Eq. (43)). Even when
considered, mixed layers provide both symmetric and antisymmetric contributions.

Despite the above differences, the model results do show in accord with HS99 that
the probahility density y. of surface air potential temperature islargely symmetric about
some measure of average surface air potential temperature.

5. CONCLUSIONS

The isentropic zonal average formalism of e.g. Andrews (1983) is extended to
include the lower boundary of the atmosphere as a * surface zone”. In the surface zone,
isentropes in the latitudinal plane are interrupted by the Earth’s surface. The zonal
average equations of mation in #-coordinates are Eg. (14), (19) and (20). Equation (8)
describes the time-dependent lower boundary of the atmosphere, by relating the change
in probability distribution w of surface air potential temperature to expected val ues of
diabatic heating and advection of potential temperature at the surface. Using abaroclinic
wave model, we showed that the dominant forcing on the equatorward mean flow in
the surface zone comes from surface form drag associated with the undulating bottom
surface in #-coordinates (Eg. (18)). A time-average formulation of the isentropic zonal
averageformalism was al so described to allow application in climatological diagnostics.

The relation between near-surface equatorward mean flow and surface poleward
heat flux is evident in QG TEM formalism (Andrews and Mclntyre 1976). We general-
ized this relation to PE atmospheres: equatorward surface-zone mean flow is forced by
poleward surface potential temperature flux (Eq. (34)).

A PV-0 view of extratropical tropospheric circulation was presented. Haynes and
Mclntyre (1987) showed that there is no cross-isentropic PV transport. We showed that
there is basically no zonal average isentropic PV transport above the surface zone, and
likewise over the depth of the surface zone if we consider surface potential temperature
as“surface PV”. Eddy PV flux in atropospheric column is constrained by surface 6 flux.

Held and Schneider (1999) attempted to explain the strong antisymmetric compo-
nent in surface-zone mass flow about the zonal mean surface air potential temperature,
by appealing to mass flow through mixed layers next to the surface. Their analytic ar-
gument is tranglated into the extended isentropic zona average formalism (using the
expectation operator E) and analyzed carefully with support from our model simulation.
Our results show that mass flow through mixed layers is weak compared to mass flow
abovemixed layers, and so cannot be the main reason for the strong antisymmetry of the
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mass flow in the surface zone. Instead, the main reason liesin the expected surface-zone
mass flow being more sensitive to warm departures than to cold departures of surface
air potential temperature from its median value.

While the significance of the near-surface equatorward flow has been highlighted
beforein the literature, the poleward flow in the surface zone has often been overlooked
becauseit is contiguous with the poleward return flow above the surface zone. However,
we wish to distinguish the poleward flow in the upper region of the surface zone
from that above the surface zone. The reason is that flow in the surface zone is in
contact with the Earth’s surface. This means that the overturning circulation within the
surface zone represents a quasi-horizontal circulation along the Earth’s surface, where
equatorward flow occurs in cold-air outbreaks at the surface and poleward flow occurs
in warm sectors of surface cyclones, besides rising above cold air in frontal regions.
The poleward flow within the surface zone is significant, becauseit provides a route for
the recycling of air (and hence of trace gases and aerosols) next to the surface itself. It
aso highlights the significance of equatorward eddy PV flux just above the surface, in
parallel with the familiar equatorward eddy PV flux at the tropopause level. Moreover,
the poleward surface-zone flow has implications on the general circulation above the
surface zone: the stronger it is, the weaker the complementing poleward quasi-i sentropic
flow must be above the surface zone in an equilibrated climate.
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APPENDIX A
Meaning of Term G 4
Term G4 may be rewritten from Eq. (16) as
2n

1 A]'-i-E
Ga Z / ga [Aj] v'acos pdX
j:1 )\]‘—E

94 ] = —ueaa- VH{ (-1 0= 2}

where 7 is the Heaviside step function and u.qg=(u', v, QT) isthe eddy velocity in #-
coordinates. Since u'a cos ¢ VH{(—1)""" (A — Aj)} is the gradient of eddy angular
momentum per unit mass at the Earth’s surface (which is described localy by A =
Aj (¢, 0,1)), G4 may be understood as the eddy advection of eddy angular momentum
at the bottom boundary of the atmaosphere.

APPENDIX B

Meaning of Term G s

Insofar as horizontal acceleration in a hydrostatic atmosphere is concerned, Mont-
gomery potential M in 8-coordinates plays a similar role to pressure in geopotential
height (z) coordinates. —VyM = —p~'V,p. Thus, positive G ,;5° 46 isthe eastward
pressure torque that surface air 606, exerts on the isentropic tube dpdf. G, islike
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the mountain torque exerted on the atmosphere by orography in z-coordinates, except
that the “orography” in #-coordinates are variations in surface air potential temperature.
Hence, Gs isan analogous “ surface form drag” in 6-coordinates.

G s is not actually equal to the physical form drag in geopotential height coordi-
natesas —(OM /0)N)y odAdpdf isonly the part of zonal pressure torque exerted on the
east-west faces of the isentropic fluid element §Adpdf. Zonal pressure torques exerted
on other faces of the element are not present in G ;. In contrast, —(9dp/d\), dAdpdz
is the entire zonal pressure torque exerted on the fluid element d\dpdz. Moreover,
—(OM/0N)g istorque per unit mass but —(dp/0\) . istorque per unit volume.

APPENDIX C

Details of the Numerical Model

Thisappendix complementsthe descriptionin Section 3. Order-6 zonal symmetry is
imposed by retaining only zonal wavenumbersO, 6, 12, 18, ... in the baroclinic-wavelife-
cycle experiments (Thorncroft et al. 1993). The full zonal spectrum is used in the long-
time integration to obtain an equilibrated climate. V° hyperdiffusion with coefficient
Krq=2.91 x 10?6 m® s—! is applied to relative vorticity, divergence and temperature
to dissipate energy that cascades to high wavenumbers. Higher-resolution and lower-
hyperdiffusion runs confirm the convergence of the presented numerical solutions.

Bulk aerodynamics formulae are employed to parametrize fluxes of horizontal
momentum and potential temperature from the surface to the lowest model level, but the
turbulent wind strength is set to a constant value, Vy = 10 m s~'. The drag coefficient
Cy is chosen such that the damping time-scale on the PBL is A/ (C4Vp) = 1 d, where
A isthethickness of the PBL (cf. Swanson and Pierrehumbert 1997). Vertical turbulent
transport of momentum and potential temperature in the PBL are parametrized by an
eddy-diffusion scheme, with the diffusivity increasing linearly from zero at the top of
the PBL to the value K at the surface where the diffusion time A2 /K, = 1 d. Surface
temperature is a fixed function of latitude T’ (¢), chosen to coincide with the initial
basic state temperature in the lowest model level so that surface heat flux is zero initially.

The dry adiabatic adjustment scheme explained in Emanuel (1994) is adopted to
represent the effects of convection. The scheme homogenizes potential temperature
while conserving enthal py in a convecting column.

Newtonian relaxation about a fixed equilibrium temperature T, (¢, o) is used as
a crude parameterization of radiative heating. T, is chosen to coincide with the initial
basic state temperature so that radiative heating is zero at the starting time. A typical
value 7.4 = 30 d is chosen for the tropospheric radiative relaxation time.

APPENDIX D

Mean Pressure Force and Form Drag on an Isentropic Layer

In the algebra below, the first equality uses the chain rule; the second equality
uses the M = 611 + ® and the chain rule; the third equality uses the expansion of the
derivative of anintegral with variable limits and the complete differential 61" = pdlI; the
last step uses 6" = RI1dp/c), the ideal gas law, hydrostatic balance and the definition
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Thus, the total form drag exerted on the isentropic layer 66 by the surrounding atmos-
phere Fp5° 66 and by the Earth's surface F's3° 66 is equal to the total pressure force

—(a cos @)~ (aaM/(?)\).

APPENDIX E
Relation used in Eq. (32)
Consider M, = M(t, A, ¢, 0,) so that
8M‘1 =0, oM 0 a_M%a
)\ N “ 00 oX

Since 1M /99 = 11, the second term on the RHS aboveis equal to (M, — gz,)00, /0N,
where z; = z(t, A, ¢, 6,). Integrate this term by parts and rearrange the entire equation,

OM," _ 1, [(0M +823
“ox 27 \ox/, TN
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